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Abstract. In a recent paper, Aimo Hinkkanen and Ilpo Laine [§] proved 
that the transcendental solutions to Painleve's second differential equation 
w" — a + zw + w 3 have either order of growth g = 3 or else g = |. We 
complete this result by proving that there exist no sub-normal solutions 
(g = |) other than the so-called Airy solutions. 
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1. Introduction and Main Results 

The solutions to the second Painleve differential equation 
[II Q ] w" = a + zw + w 3 

are either rational or transcendental meromorphic functions of finite order. More 
precisely, the so-called second Painleve transcendents have order of growth | < g < 3 
(see Hinkkanen and Laine [7], Shimomura |TU1 |TT] and the author p~3j[14]). In a recent 
paper, Hinkkanen and Laine [8] proved that the order is either g ~ 3 or else g = | . 
This result was commonly expected, but nevertheless marks a great breakthrough. 

The aim of this paper is to describe the solutions of order g = §, called sub-normal, 
in more detail, and using this information to prove the main result on non-existence 
of non-Airy sub-normal solutions. The description is intimately associated with the 
properties of the first integral 

W = w 4 + zw 2 + 2aw -u>' 2 , W' = w 2 . 

According to |S|, the question whether or not w has order g = | depends on the 
cluster set CL e of the function W(z)z~ 2 as z — > oo on C \ V e . Here V denotes the set 
of non-zero poles of w, and V E denotes the e- neighbour hood 

V e = \J per A e (p), A B (p) = {z : \z - p\ < eW 1 ' 2 }. 

The sub-normal solutions are characterised by the conditions 

n(r,w) = 0(r 3/2 ) and { ^ e Z rni for some e > 0, 

and are called of the first and second kind, respectively. Special solutions of the first 
kind are the so-called Airy solutions, which occur for parameters a € | + Z and are 
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obtained by (repeated) application of the so-called Backlund transformations to the 
solutions to the special Riccati equations 

(1) w' = ±{z/2 + w 2 ). 

Theorem 1. Equation [II Q ] has no sub-normal solutions other than the Airy solutions 
(which occur for a £ | + Z). 

The question whether or not zero may be deficient for any Painlevc transcendent is 
still open. From a/w — w" jw — z — 2w 2 and m(r, w) = O(logr) follows m(r, 1/w) = 
O(logr) if a =/= 0, hence the value zero is non-deficient. In case a = it is well-known 
and easily proved that m(r, 1/w) < \T(r, w)+0(log r) for any transcendental solution 
(see [3], Thm. 10.3). As a by-product of the Hinkkanen-Laine result and Theorem [1] 
we obtain 

Corollary 1. For every solution to w" = zw + 2w 3 the value zero is non- deficient. 

The paper is organised as follows: In section [5] we introduce the re-scaling method 
developed in [T3J, which together with Backlund transformations (section [H]) consti- 
tutes the main tool. In sections HI [SJ and [7] the solutions of the first and second kind, 
respectively, are described in more detail in terms of the distribution of their poles 
and residues, while sections [SJ and [TU] are devoted to the proofs of Theorem Q] and 
Corollary [TJ Finally, in section [TT] we will give an outlook to sub-normal solutions to 
Painleve's fourth equation. 

2. The Re-scaling Method 

The re-scaling method was developed in Q3] to prove the sharp estimate q < 5/2 for 
the solutions to Painleve's first equation w" — z + 6w 2 . It also applies to the second 
and fourth Painleve equation (see [14]). In the present case, for any fixed solution to 
equation [II Q ] the family (wf l )\ h \ >1 of re-scaled functions 

Mi) ^h-^wih + h- 1 / 2 }) 
is normal in the plane, and every limit function 

(2) to = lim Wh n 

h n — >oo 

satisfies 

(3) to" = to + 2ro 3 , 
hence also 

(4) to' 2 = to 4 + ro 2 + c. 

The constant solutions to © are to = and to = ±y/—l/2, while the non-constant 
solutions to (|3|) and (|4]) are either elliptic or trigonometric functions; the latter only 
occur in the exceptional cases c = 1/4 and c = 0: 

(5) to = ±tan(3/\/2 + T)/\/2 (c = 1/4) 
[ ' to = ±i/sin(i3 + r) (c = 0). 

For c 7^ 0, 1/4 all solutions to equation Q occuring as limit functions of the re-scaling 
process are elliptic functions. 
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Poles. The nature of any solution is determined by the distribution of its poles. The 
set V of non-zero poles of some fixed solution of [II Q ] is an infinite set, as follows 
from m(r,w) = O(logr) (for notation and results of Nevanlinna Theory the reader 
is referred to the monographs of Hayman [5] and Nevanlinna [9]). At any pole p the 

Laurent series developments (r/ = res w = ±1) 

p 

w(z) = ri(z-p)- 1 - \t]p(z-p)- \{a + i])(z - p) 2 + h(z-p) 3 H , 

W(z) = -(z-p)- 1 + 10r 1 h-^p 2 -lp(z-p)-l(l + V a)(z-p) 2 + --- 

hold; the coefficient h remains undetermined. Pre-scribing r\ and h at p uniquely 
determines a solution just like initial values wo and w' at zo do. The series converge 
on some disc A p (p), with p > independent of p. 

The cluster set CL e is closed and connected (as always), and also bounded by a 
constant only depending on e, see [2], Prop. 3.5. 

Lemma 1. The cluster set CL = CL e does not depend on e. Every limit 
(6) lim [10r?„h„ - ^p 2 ]p~ 2 (r?„ = res w), 

where {p n ) denotes any appropriate sequence of poles, also belongs to CL. Conversely, 
any limit lim h~ 2 W(h n ) with 

sup|/i„| 1/2 dist(/i n ,7 5 ) < oo and inf |/i„| 1/2 dist(/i„ , V) > 

n n 

coincides with some limit (f5|). 

Proof. The assertions are consequences of the following observation. If the limit @ 
exists and solves (j4]), and if (k n ) denotes any sequence such that | h n \^^ 2 \h n k n | is 
bounded, then some subsequence of Wk n converges to ro(3o +d) which solves the same 
differential equation as docs ro. q.e.d. 

We note explicitly lim 180p~ 2 h(p) res„ w = { \ 5^ Ini^^^ > while the so- 
p— >oo 7 it v_L = {U} 

lutions to w' = ±(z/2 + w 2 ) satisfy 180p _2 h(p) res w = — 1. 

p 

To describe the possible distributions of poles of the second Painleve transcendents of 
order g = | we need the following result on the local distribution of poles; it is based 
on the distribution of poles of the limit functions in = lim w Pn (p n G V). 

Lemma 2. Suppose that w solves [II Q ] and has order of growth g = |. Then given 
e > and R > there exists ro > smc/i that for any pole p satisfying \p\ > r , the 
poles of w in Ar(p) = {z : \z — p\ < _R|p|~ 1//2 } may be labelled in such a way that 
Pa = p and 

(first kind) \p k -(p + kV2np~ 1/2 )\ < e\p\~ 1/2 (-ki < k < k 2 ) 

and 

(second kind) \p k - (p + knip~ 1/2 )\ < e\p\~ 1/2 (-hi < k < k 2 ), 

respectively, hold. 
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The proof is an immediate implication of the re-scaling method and the known 
distribution of poles of the solutions ([5]) to the special re-scaled differential equation. 

To determine the asymptotics of the solutions of order Q= \ more precisely, we shall 
repeatedly apply the following estimates; the first one is an immediate corollary of 
the Cauchy integral formula. 

Lemma 3. Suppose that f is holomorphic in some sector S : a < argz < b satisfying 
f(z) = 0(\z\ x ) as z — y oo in S. Then f^ k '(z) = 0(\z\ x ~ k ) as z — > oo holds in every 
smaller sector S(5) : a + S < argz < b — S. 

Lemma 4. Let (c/c) be any complex sequence (0 < |ci| < \c2\ < ■■■ < \cu\ — > oo) 
with counting function n(r) — card {c^ : |cfe| < r} = 0(r e ) (g = h + 7, /16 No, and 
< 7 < 1). Then \z — Ck\ > Kmax{|2;|, |cfc|} for some k > and every k implies 

E 77— wr =o(\zr l ) (^00). 



s 1 ^ - Cfc ) 



Proof. From n(r) = 0{r e ) and 7— j- < n^ 1 -. — 77-min<l,- — - \ on \z\ 

(z-c k )cl |c fc | n L |cjfe|J 

follows 
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3. Solutions in the Yosida Class 



If the cluster set CL contains none of the values 0, —1/4, then all limit functions ^ are 
non-constant, hence w belongs to the Yosida Class JA 1 , being defined and discussed 
in |15j . These solutions are traditionally called non-truncated (see Boutroux [U[2]). 
Among others it follows that T(r, w) x r 3 and that the poles are regularly distributed: 
given R > there exists ro > and C > 1, such that any disc A_r(zo) with \zq\ > ro 
contains at least C~ X R 2 and at most CR 2 poles. This holds in a modified form if the 
cluster set is restricted to some sector S = {z : 6\ < argz < 62}: the poles in S are 
regularly distributed, and again T(r, w) x r 3 holds. 

4. Solutions of the First Kind 

Throughout this section w will denote a transcendent of the first kind. 
Strings of poles of the first kind. A string in the truncated sector 

S' : I argz| < tt/3, Rez > ci > 

— 1/2 

is a sequence (j>k)k=o,i,2,... such that (we assume Rcp fe > 0) 

Pfc+i =Pk + V2?rp A : 1/2 (l + o(l)) (fc^oo); 
po is called the root of the string (pfe)fc=o,i.2,...- 

Proposition 1. For C\ > sufficiently large, every pole pg in S' is the root of some 
uniquely determined string of poles (pfe)fe=o,i 2 ... contained in S' . It has the following 
properties: 

a. w has constant residues on the string; 
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b. lim axgpk = 0; 

k— > oo 

c. The counting function of the string satisfies n(r) = ^T 3 ^ 2 (l + o(l)). 

Proof. The construction of the sequence (p k ) is obvious. We denote by c„ the number 
ro in Lemma [2] which belongs to e = e n = 10~" and R = 5 > \f2ir, and start with 
Po G S' . If Pk is already constructed, then pk+i is uniquely determined by Lemma [5] 
We have, however, to ensure that the procedure does not break down, that is we have 
to show that Pk+i G 5*0- Writing p k = \p k \e k it follows that 

Rep k+1 > Rcp k + \p k \- 1 / 2 (V2ircos(6 k /2)-e 1 ) 

> Rc Pk + (V6tt/2 - ei)\ Pk \- 1/2 > Re Pk + 3\ Pk \~ 1/2 . 

Similarly, 

|Im p k+1 \ < |Im Pk \ + \ Pk r 1/2 (e 1 - V2ir\ sin(0 fe /2)|) < |Im p k \ + \p k \~ 1/2 e 1 

a + b ( a b~\ 

holds. With the help of ; < max ■{—, — ? for a, b, c, d > we obtain 

c + a led) 

(7) \0 k +i\ = arctan — < arctanmax<^ — , — \ < max{ 0fe , ei}- 

Rep k +i < Rep k 3 J 

It is obvious that Rep k — > oo monotonically, and that the sequence (|Im p k \) decreases 

as long as 10 J > E\. From \6 k \ < J however, follows that \9 k > I < s\ for some 

Repk 1 
k'x, hence \9 k \ < E\ for k > k[ follows from ([7]). If we denote by k n the first index 

such Rcp k > c n , then the above argument shows that there exists some k' n > k n , 

such that \6k\ < £ n holds for k > k' n . This yields b. To prove c. we consider the 

conjugate sequence q k = p 3 J 2 . From p k +\ = p k + V^irpf, 1 ^ 2 + o(|pfc| -1 / 2 ) follows 

Qk+i = Qk + f V^tt + o(l), thus q k = |V27rfe(l + o(l)), 

Pk = (|\/2^) 2/3 fc 2 / 3 (l + o(l)) and »(r) = |f r 3 / 2 (l + o(l)). q.e.d. 

Remark. For p_i € 5q the string just constructed may be uniquely extended "to 
the left" such that {p k ) k >- k „ C S' Q and p~k 4 Relabelling this string we may 
thus always assume that (pk)k=o,i,2,... C S' , but p-% £ S' . Such a string is called 
maximal. 

There is just one step from local to global distribution of poles. 

Theorem 2. Let w be any second Painleve transcendent of the first kind. Then 
up to finitely many the poles of w form a finite number £(w) of maximal strings 
a = (pfe)fc=o,i,2,... with total counting function 

n(r,w)=£(w)—r 3 ^ 2 (l + o(l)) 1 
3tt 

and such that the following is true: 

• w has constant residues on a; 

• a is asymptotic to one of the rays argz = 0, argz = |-7r, and argz = — §7r; 

• a is accompanied by a string (q k ) of zeros q k = p k + ^^P k ^(l + o(l)); 

• any two strings (p k ) and {p' k ) are separated from each other, i.e., 

lim |p fc | 1 / 2 dist(p fe ,{p'J) = oo. 

k— >oo 
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Furthermore, w has Nevanlinna characteristic 

T(r,w) =£( w )^r 3 / 2 (l + o(l)), 

97T 

and satisfies w(z) ~ \f—z~/2 as z — > oo on every sector Sq(6) : | arg z — tt | < ^ — <5 and 
= e ±2,ri / 3 S^(<5), for some suitably cho sen branch of the square-root depending 
on the sector. 

Proof. From n(r,w) = 0(r 3 / 2 ) follows that there are only finitely many strings 
of poles. This yields T(r,w) = N(r,w) + O(logr) = £(w)^r 3 / 2 (l + o(l)). The 
asymptotics for w follows from the fact that the re-scaling process for any sequence 
(h n ) with |/i n | 1 / 2 dist(/i„, V) — > oo leads to the limit functions to = J — 1/2. q.e.d. 

Series expansion. In [T3] it was shown that for every second transcendent with 
w(0) 7^ oo 

\ - v(p)z 

(z — p)p V ' VJJ/ p" 



){z) = w{0) + lim y — (rj(p) = res w) 



\p\<r 

holds; if w has a pole at z = 0, the term w(0) has to be replaced by n(0)/z. In our 
case the above Mittag-Lcfflcr expansion exists not only as a Cauchy principal value, 
but converges absolutely. Then also 

holds, where Q is a polynomial of degree at most two (see [14], Thm. 4.3). Lemma 0] 
applies to W — Q, and from \ W(z) — Q{z) \ = O^zl 1 / 2 ) as z -> oo in each sector Sj(S) 
and CL = { — 1/4} then follows Q(z) = — \z 2 + a x z + a . Also in each sector S"(6) we 
get 

W = -\z 2 + a 1 z + 0{\z\ 1 / 2 ) 
zw 2 = zW = -\z 2 + a l z + 0{\z\ 1 / 2 ) 

„,A — 1 „2 
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z 2 - a x z + 0{\z\ 1 / 2 ) 



,*-W = -a lZ + 0(\z\^ 2 ) and w' 2 -2aw = 0(|z| 1/2 ) yield a x = 0. We 
have thus proved 

Theorem 3. Any first kind transcendent w satisfies 



(9) w = ^I/2 + 0(\z\- 1 ) 



as z — » oo in every sector S" (S) (for some branch of ^J—z/2, depending on the sector), 
W = -\z 2 + 0{\z\ 1 ' 2 ) and Q{z) = -\z 2 + a . 

5. Solutions of the Second Kind 

Now w will denote a sub-normal solution of the second kind. Again © holds, where 
now degQ < 1 follows from CL = {0} and Lemma 2] Since by [13], Thm. 4.5, the 
order of w is g > 2 (hence g = 3) if deg Q = 1, we have deg Q = 0. 

A string of poles (j>fc)fe=o,i,2,... in the sector 

Sq : | argz - n\ < tt/3, Rcz<-ci, 
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is now characterised by the condition (Im p k 1 > 0) 

Pk+i =Pk + nrp; 1/2 (l + o(l)) (k - 0, 1, 2, . . .); 

it is called maximal in Sq if p~i Sq. Similarly we define strings of poles in the 
sectors S'^ = e ±2,ri / 3 S , g , and obtain the following analog to Theorem [5J 

Proposition 2. Let w be any sub-normal solution of the second kind. Then up 
to finitely many the poles of w form a finite number £(w) of maximal strings a = 
(pfc)fc=0,i,2,... with total counting function n(r,w ) = t(w) £ r 3 / 2 (l + o(l)), and such 
that the following is true: 

• the residues alternate, i.e., res w = — res w; 

Pk+i pk 

• a is asymptotic to one of the rays argz = n, argz = irr, and argz = — ^tt; 

• any two strings (pk) and {p' k ) are separated from each other. 

6. Backlund Transformations 

The so-called Airy solutions are obtained from the solutions to any of the special 
Riccati equations (fTJ) by successive application of so-called Backlund transformations. 
Generally spoken, a Backlund transformation is a change of variables u>i(C) = ui(z), 
( = az, that transforms equation [II Q ] into itself or into some equation [II Ql ] with 
different parameter. Simple examples are w\(z) = —w(z) (a\ = —a) and w\{z) = 
fiw(fj,z) (fi 3 = 1, ot\ = a). More sophisticated Backlund transformations are 

, , a + 1/2 , a -1/2 

(10) w\ = —w ; ^ — and W-\ - 



z/2 w' -w 2 -z/2 

which change a to ct\ = a+1 and «i = a— I, respectively. It is obvious that Backlund 
transformations (|10[) preserve the order g, and, by Theorem[5]and Proposition^ even 
preserve the first and second kind solutions. 

A special Backlund transformation. In [3] the authors describe the connection 
between equations [Ho] and [lb]. If y is a non-trivial solution to [Ho], then 

(11) w(z) = -^logy(-2-^ 3 z) 

solves [Hi] and is not an Airy solution (w' ^ z/2 + w 2 ); conversely, if w solves [Hi] 
and is not an Airy solution, then the function y, being defined locally by 

(12) y 2 {^^ 3 z) = -2 1 / 3 K(z) - z/2 - w 2 {z)) 

is a non-trivial solution to [IIq] . The poles and zeros of y correspond to poles of w with 
residues 1 and — 1, respectively. The Airy solutions to [II i] correspond to the trivial 
solution y — 0. It is obvious that this transformation preserves the order of growth, 
but interchanges the transcendents of the first kind (minus the Airy solutions) and 
those of the second kind. This follows at once from the asymptotics of the involved 
functions, and also from the distribution of their poles: noting that p = ap implies 
p + bp~ x / 2 = a(p + a -3 / 2 6p -1 / 2 ), we obtain 

-3/2t _ / n i if « = — 2 1 / 3 and b = \[2-k 
a \ \/2tt if a = -2-V3 and b = in. 

The possible distribution of poles © and with residues 1 and —1, respectively, and 
zeros © of a second kind solution to y" = zy + 2y 3 (left), and the distribution of poles 
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and zeros of the corresponding first kind solution w = —-4-logy(—2 1 / 3 z) (right) 
along the real axis is displayed below. The strings are separated from each other. 

•••© e © e © e ©®©®©®©® ©©©©••• 

...© © © © © © e © e © e © e © e © e © • • • 

7. The Distribution of Residues 

We shall denote by ro©(r) and uq{t) the counting function of poles with residues 1 and 
— 1, respectively. For second kind transcendents the residues are equally distributed 
in each string of poles, hence n®(r) — uqIt) = o(r 3 / 2 ) holds. 



Let w be any first kind transcendent. If the circle \z\ = r contains no poles, then 

/2 

w(z) dz = n ffl (r) - n e (r) = (£ ffi - £ Q )^r 3 ' 2 {l + o(l)) 



o ■ / \ / — CP \ / o \ / V a? o / o 

J| z |_ r 07T 

holds, where £® and £q count the number of maximal strings with residues +1 and 
— 1, respectively. We choose <5 > sufficiently small and replace any arc of \z\ = r 
that intersects some disc Ag(p) by a sub-arcs of dAs(p) (such that \w(z)\ = O^z] 1 / 2 )) 
to obtain a simple closed curve T r . Then also 

(13) — J w(z) dz = n®(r) - n e (r) 

holds. If 7 r and 7^, denote the part of T r in < argz < 5 and 5 < argz < |-7r, 
respectively, then 



/ w(z) dz 



< 



KSr 3 / 2 



and 



C w ( z ) dz = J_ f ^Ij2dz + o(r^ 2 ) = M ^r 3 / 2 + 0(<5r 3 / 2 ), 



27ri ./_,/ 2ni J 7 i 3n 



hold, with fi = ±1 depending on the branch of y / —z/2. This yields 

Proposition 3. ^4nj/ sub-normal solution of the first kind satisfies 

\£ (B -e e \ = l or else \£ @ - £ e \ = 3. 

Remark. The following results deduced from Proposition [3] for the solutions to the 
Riccati equation 

(14) w' = z/2 + w 2 

are well known, see, e.g. [3]. Since all residues equal —1 we have l®(w) = 0, hence 
either £q{w) = 1 or else £q(w) = 3. There exist three distinguished solutions w\, 
w 2 (z) = e 2 ™/ 3 Wl (ze 27rt / 3 ), and w 3 (z) = e - 2m / 3 w 1 (ze~ 27Tl / 3 ) with £ e = 1. The 
labelling is chosen in such a way that w\(z) ~ ip(z) = — z/2 with Im tjj(z) > 
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holds on < arg z < 2tt. By symmetry and uniqueness, the poles of wi are real and 
positive. For any solution wo 7^ Wk to ()14j) we have 

!ip(z) (0 < arg < hr) 

-4>(z) (|tt < arg < gTr) 
ip(z) (§7r < arg < 2?r). 

8. Proof of Theorem [TJ First Kind Solutions 

Let w be any sub- normal solution of the first kind to [II a ] . We first assume a £ | + Z, 

. „ a +1/2 
and set V = w + w + 2/2, wi = — to — — , and 

AH = f e - * e . 

Then Wi solves [II Q+ i], and the poles of w and wi and the zeros of V are related as 
follows: 

(i) res w = —1 ^ V (p) = 00 (doubly) and res W\ = 1; 

p p 
(151 (ii) res tu = 1 =>■ VIjj) = and res Wi = 0; 

v ) p p 

(ii) res w = and V(p) = =>■ res w\ = — 1. 

p p 

The distribution of zeros © of V (left and right), and poles © and © with residues 1 
and — 1, respectively, of both w (left) and w\ (right): 

(i) ©©©©©© ©©©©ffi© 

(16) (ii) ffi ffi ffi ffi ffi ffi 

(iii) © © © © © © 
First of all we obtain t®{w\) = £q(w) from (i), while 

m(r, 1/V) < m(r, w±) + m(r, w) + 0(1) = O(logr), 

hence 

iV(r,l/y) = N(r,V) ffiO(logr) = 2N e (r,w) +0(logr) 

= JV e (r,«;) - [JVeCr.ifl) - N e (r, w)} + N m (r, w) + O(logr) 

and (ii) and (iii) imply 

e e ( Wl ) = £ e (w) - A(w) and A(wi) = A(w). 

Repeated application (w v+ x = —w u - y ielci s 

e e (w v ) = i e (w)-vA(w), A(w v ) = A(w), and 

£ m {w v ) = £ e (w u - 1 )=e e (w)-(v-l)A(w) (1/ = 1,2,3,...), 

and this requirers A(w) < for any a ^ i + Z and any solution of the first kind, 
hence A(w) < —1 by Proposition |3] Replacing w by — w and a by —a, however, we 
obtain A(w) > 1; this contradiction proves the first part. 

To deal with the case a e ^ + Z it suffices to consider a = 1/2. If w is a non-Airy 
solution of the first kind the above method applies "to the right"; we obtain in the 
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same manner A(w) < — 1. Instead of working with — w (which is prohibited) we now 
apply the special Backlund transformation w{z) = — 4- log y{— 2~ 1 / 3 z) and obtain 
from Nevanlinna's First Main Theorem 

N e (r,w) - N m (r,w) = N(2~ 1 / 3 r 1 1/y) - N(2~ 1 / 3 r, y) 

= m(2~ 1 / 3 r,y) - m(2- 1 / 3 r, 1/y) + 0(1) <0(logr), 

hence A (it;) > 0. We have thus proved that all sub- normal solutions of the first kind 
are Airy solutions (and exist only if a £ ^ + Z) . 

9. Proof of Theorem [TJ Second Kind Solutions 

Let w be any sub-normal solution of the second kind to equation [II Q ]. For 2a €E Z it 
suffices to consider the cases a = and a = 1/2: 

• If [Ho] had a sub-normal solution w of the second kind, then 

wi(z) = -^-log?.y(-2" 1/3 z) 
dz 

were a non-Airy solution of the first kind to equation [IF]. 

• Conversely, if [IF] had a sub- normal solution w of the second kind, then 

wf(z) = -2 1/3 (u/(-2 1/3 z) - z/2 - w 2 {~2 1/3 z)) 1 

were a solution of the first kind to equation [Ho]- 
We now assume 2a ^ Z, and set again 

a + 1/2 



(17) V = w' + w 2 + z/2 1 wi=-w 



Then w\ solves [II Q+ i], and the poles of w and w\ and the zeros of V are related as 
in (fTS]) . Associated with any string of poles (%) of w is a string of poles (pk) of wi 
as follows: pk — qu if res w = — 1, while qu+i is replaced by Pk+i with V(pk+i) = 

and res w = 0, if res w = — 1; we may assume that this happens for k even. Since 

Pk+l Qk+1 

the string (p^) is already determined by the sub-string (p2k), P2k+i is very close to 
<72fc+i, as is displayed below; f® denotes an "almost double" zero of V: V(p2k+i) = 
V(q-2k+i) = with res w = 1 and res w = 0, while and © denote poles with 

Q2k + 1 P2k + 1 

residues —1 and 1, respectively, for both w (left) and w\ (right); note the difference 

to err 



®e®5)e®Z)e e©e©e© 

We write p = P2k+i and q = q2k+i and insert 

w{z) =b + w'(p)(z-p) + \w" \p)(z - p) 2 H (b = w(p)) 

with w'(p) = — b — p/2 and w" (p) = a + bp + 2b 3 into the definition (|17|) of w\ to 
obtain ("with a little help from my friends" — computer algebra software) 

1 8bp 2 + (406 3 - 3)p + (486 5 - Ab 2 + I2ab 2 ) . 

M") = " w 9 H« - V + • • • 

z — p Q(2a + 1) 
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Comparing with w\{z) = 1 — (z — p) + • • ■ yields 

z — p 6 

I- a- 20b 3 ± J {I - a) 2 - 8(1 + 7a)b 3 + 166 6 
P = " ^ " " (b-Kx>). 

The special solution ro = ±i/ sin(ij) in ([5]) satisfies |ro(j)| > 2k|3|~ 1 on |j| < (5 (for 
some k > 1), hence > k\z — q]^ 1 on |jz — q\ < <5 1 <gr | 1 / 2 if |g| > r . Since 

p — q = o(|p| -1 / 2 ) we obtain |p| _1 / 2 ui(p) — >• oo as p — > oo; this, however, contradicts 
\p\ x |6| 2 , and Theorem Q] is completely proved. q.e.d. 

10. Proof of Corollary [TJ 

We have just to consider solutions of order g = 3. From the special Backhmd trans- 
formation w\{z) = —4- log w{— 2~ 1 / 3 z), the estimate 

N m (r,wi)-N e (r,wi) = 0(r 3 / 2 ) 

(see [14], Thm. 6.2), and Nevanlinna's First Main Theorem we obtain 

m(r,l/w) = T(r,w)-N(r,l/w) + 0(l) 

= iV ffi (2- 1 / 3 r,u; 1 ) + (9(logr) - N e {2' 1 l 3 r,w l ) = 0(r 3 / 2 ). 

Hence zero is non-deficient for w. q.e.d. 

11. Painleve's Fourth Transcendents: An Outlook 

The solutions to Painleve's fourth differential equation 

\N a ,p] 2W = w' 2 + 3w 4 + Szw 3 + 4(z 2 - a)w 2 + 2/3 

are either rational or transcendental meromorphic functions of order g, 2 < g < 4. 
From 

w' 2 = w 4 + 4zw 3 + 4(z 2 - a)w 2 - 2/3 - AwW (W = w 2 + 2zw), 

follows 

w" = 2w 3 + 6zw 2 + 4(z 2 - a)w - 2W. 

Rescaling. The family (wh)\h\>i of functions Wh(}) = h~ 1 w(h + is normal, 

and every limit function solves 

2roro" = ro' 2 + 3ro 4 + 8ro 3 + 4ro 2 , 

with constant solutions ro = 0, — 2/3,— 2, and also 

(18) ro' 2 = ro 4 + 4ro 3 + 4ro 2 + 4cro 

and 

ro" = 2ro 3 + 6ro 2 + 4ro + 2c 
with — c in the cluster set CL £ of z~ 3 W(z), which consists of all limits 

lim K 3 W{h n ) {M\h n \A\st{h n ,V)>e). 

Like in case [II Q ], V denotes the sequence of non-zero poles of w, and like there it 
turns out that CL = CL e is independent of e. 
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Laurent series expansion about poles. Similar to the case [II a ] we have 

w{z) = ±(z — p)^ 1 — p± \{p 2 + 2a =F 4)(z — p) + h(z — p) 2 H 

W{z) = -(z-p)- 1 + [2h + 2{aTl)p] + l^a-p 2 T2)(z-p) + --- , 

and the limits — c = lim p~ 3 [2h(p n ) + 2(q =p l)p n ] = lim 2p~ 3 h(p„) belong to CL. 

Weber-Hermite Solutions. The role of the Riccati equations ([1]) is taken by the 
so-called Weber-Hermite equations 

(19) w' = -2±{w 2 + 2zw -2a). 

Their solutions have order of growth g = 2 and solve equation [IV aj _ 2 (i± a )2]- How- 
ever, the situation is more complicated than in case [II a ], since their are several 
continuous one-parameter families of solutions that can be reduced to the Weber- 
Hermite equation, see §25 in [3J. They occur for parameters (3 = — 2(2rt — l±a) 2 and 
ft = — 2n 2 , respectively; a is arbitrary, and in both cases n is any integer. 

Sub-normal solutions. Our focus is on the fourth Painleve transcendents with 
counting function of poles n(r, w) = 0(r 2 ). The right hand side of (fT8|) has discrimi- 
nant c 3 (27c — 8). It is quite plausible to analyse the following cases: 

First kind. CL = {0}, in' 2 = ro 2 (ro + 2) 2 with solutions 
2e ±2>+T 

\v = — , „ and ro = 0, —2. 

1 - e± 2 3+r 

The strings of poles (pk)k=o,i,... are defined by 

Pk+i = p k + niPk 1 + odpkl' 1 ) 
Pk+i = Pk - Kip' 1 + od^fcT 1 ), 

r 2 

hence pk ^ ±(1 ± i)(ir k) 1 ! 2 , with counting function n(r) ~ — ; res w is 

2ir pk 

constant on every string. The Weber-Hermite solutions are of the first kind. 

Second kind. CL = {-8/27}, ro' 2 = ^ro(3ro + 8)(3ro + 2) 2 with solutions 

8 

ro 



9tan 2 (3/V3 + r) -3 

(substitute 3 + 8/ro = I) 2 ) and ro = —2/3 (and neither ro — nor ro = —8/3 
occur as limit functions). The strings of poles arc defined by 

Pk+i = Pk + VSnpj: 1 + o(|p fc | _1 ) 
Pk+i = Pk-V3irp' k 1 +o(\p k \- 1 ), 

hence pk ~ ±(2\/37r fc) 1 / 2 and pk ~ ±i(2v / 37T fc) 1 / 2 , respectively, with count- 

r 2 

ing function n(r) ~ — — — ; the residues alternate, res w = — res w. 

2V37T Pk+i Pk 

Yosida Solutions. For 0, —8/27 ^ CL all limit functions are elliptic, hence w belongs 
to the Yosida Class 3^i,i and, in particular, satisfies T(r, w) x r 4 . The latter remains 
true if we restrict the cluster set of z~ 3 W(z) to any sector. 
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